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Abstract
In this article, we explore the structure of IR singularities of Feynman diagrams at one loop via
power counting in loop momentum. The emphasis is on many known results which follow from
this simple analysis.
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I. INTRODUCTION
Our theoretical understanding of nature is largely based on perturbative methods. In
Quantum Field Theory, one is interested in calculating transition amplitudes and therefore
cross-sections and decay rates for various scattering and decay processes. Such calculations
are performed at a given order in perturbation theory. In the language of Feynman diagrams,
lowest order contribution to the transition amplitude comes from only tree diagrams while
higher order terms receive contribution from loop (virtual) diagrams also.11 In literature,
higher order contributions to a given transition amplitude are known as radiative corrections.
Computation of virtual diagrams for a given scattering or decay process, involve
integration over undetermined loop momenta. These loop integrals are ill-defined as they
may diverge for certain limiting values of momentum flowing in the loop. A well known
case is of ultraviolet singularity which may arise as loop momentum becomes very large.
With massless particles present in theory, these integrals may develop infrared or more
appropriately mass singularities, as well. Also, there are singularities which originate from
specific phase space points such as physical and anomalous thresholds. A systematic study
of mass singularities and threshold singularities can be done via Landau Equations.123
Kinoshita 4 describes mass singularities of Feynman amplitudes as pathological solutions of
Landau Equations.
In this article, we limit ourselves to the IR singularity of one loop diagrams, away from
any threshold. Also we do not consider any exceptional phase space point, corresponding
to vanishing of any partial sum of external momenta. According to Kinoshita 4, these are
pure mass singularities, valid for all possible kinematic invariants made out of external
momenta. These mass singularities can be of soft or collinear type, often described in
literature. Under certain circumstances, which we will discuss below, the overlapping of
soft and collinear singularities may also take place. In the following, we wish to present a
pedagogical introduction of occurrence and structure of IR divergence in one loop diagrams.
In Ref. 4 this issue is discussed thoroughly, using parametric form of loop integrals. We
have treated the issue at the very elementary level and have show all the features of mass
singularities known at one loop.
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The most general one loop integral is of tensor type, in which loop momentum appears
in the numerator. One loop diagrams having fermions in the loop are common examples of
such integrals. Since any tensor integral at one loop can be expressed in terms of scalar ones
(i.e. one loop integrals for φ3-theory), it’s sufficient to apply our analysis on scalar integrals
only.5
II. SOFT SINGULARITY
These singularities appear as a result of any of the internal lines becoming soft, that is,
it’s momentum vanishes. We consider the N -point scalar integral, Fig. 1, in D-dimensions,
given by
I
(N)
D
(pi, mi; i = 0→ N − 1) =
∫
dDl
1
D0D1.....DN−1
, (1)
with following notations for simplification,
Di = li
2 −mi2,
li = l + qi and
qi = p0 + p1 + ....+ pi. (2)
In our notation p0 = 0, always but to start with, m0 6= 0. Now, we wish to derive conditions
under which above integral may diverge as one of the internal momenta in the loop, say li
becomes soft. We will take li = ǫ, with the understanding that soft limit for li is reached as
ǫ→ 0. With li = ǫ, in our notation, relevant denominators take following form
Di−1 = p
2
i
− 2ǫ · pi −m2i−1,
Di = ǫ
2 −m2
i
and
Di+1 = p
2
i+1 + 2ǫ · pi+1 −m2i+1. (3)
We have dropped ǫ2 against ǫ · pi and ǫ · pi+1, assuming ǫ is not orthogonal to pi and pi+1.
The above denominators vanish under soft limit, if
mi = 0, p
2
i
= m2
i−1 and p
2
i+1 = m
2
i+1. (4)
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Thus in soft limit scalar integral in Eq.(1) behaves as,
I
(N)
D
∼
∫
dDǫ
1
ǫ · pi ǫ2 ǫ · pi+1 ∼ ǫ
D−4, (5)
which diverges logarithmically in D = 4. In mi → 0 limit the divergence appears as ln mi.
Kinoshita 4 called it λ-singularity. It is easy to check that no other denominator vanishes
in soft limit of li, in general. Thus the appearance of soft singularity in one loop diagrams
is associated with the exchange of massless particles between two on-shell particles. The
structure of soft singularity in Eq.(5) suggests that it can occur for N ≥ 3 point functions
only. A text book example of soft singular integral is the one loop vertex correction in QED
with massive fermions, as shown in Fig.2.6
III. COLLINEAR SINGULARITY
At one loop, collinear singularity may appear when one of the internal momenta becomes
collinear with a neighboring external leg. See Fig.1. We consider
li = xpi+1 + ǫ⊥, (6)
where x 6= 0,−1 (since they correspond to softness of li and li+1 respectively) and ǫ⊥·pi+1 = 0.
The collinear limit is obtained as ǫ⊥ → 0. In this case relevant denominators are,
Di = x
2p2
i+1 + ǫ
2
⊥ −m2i and
Di+1 = (x+ 1)
2p2
i+1 + ǫ
2
⊥ −m2i+1. (7)
The general conditions for these denominators to vanish are
p2
i+1 = 0, mi = 0, mi+1 = 0, (8)
that is, one loop diagrams in which a massless external leg meets two massless internal lines
may develop collinear divergence. In-fact, the first of the above three conditions is hidden
in the assumption, ǫ⊥ · pi+1 = 0. In ǫ⊥ → 0 limit, this equality implies
cos θ ≃ p
0
i+1
|pi+1| > 1 (9)
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for massive pi+1. Thus for collinear limit (θ = 0 ), pi+1 must be massless. No other
denominator vanishes for non-exceptional phase space points. The scalar integral (1), in
this limit goes as
I
(N)
D
∼
∫
dDǫ⊥
1
ǫ2⊥ ǫ
2
⊥
∼ ǫD−4⊥ , (10)
which, like soft singularity, is also logarithmically divergent. This singularity, sometimes
referred as m-singularity can be regularized by setting mi+1 = mi and taking mi → 0 limit.
It appears as ln mi, as expected. We note that a two point function, Fig.3, can have IR
singularity of collinear type only.
IV. OVERLAPPING REGIONS
Now, since we have studied the structure of soft and collinear singularities of a one loop
diagram , it is desirable to seek the possibility of their overlap. A soft piece, with all lines
massless, contains two collinear pieces. Let this soft piece be the part of a scalar N -point
function in D-dimensions. We set li = ǫ, to write the N -point scalar integral for massless
internal and external lines, keeping only (in general) potentially divergent denominators as
ǫ→ 0.
IN
D
≃
∫
dDǫ
1
(ǫ2 − 2ǫ · pi)ǫ2(ǫ2 + 2ǫ · pi+1) . (11)
Instead of taking ǫ→ 0 limit right away, which clearly corresponds to soft limit, we wish
to break the above integral into soft and collinear regions. This job is easily done in the
light-cone co-ordinates as suggested in Ref. 8. In this co-ordinate, a 4-vector is written as
v ≡ (v+, v−,v⊥) where, v± = 1√2(v0 ± v3) and v⊥ = (v1, v2) is a 2-dimensional Euclidean
vector. The dot product of two 4-vectors then takes following form
u · v = u+v− + u−v+ − u⊥ · v⊥. (12)
This can easily be generalize in D-dimensions. In the CM frame of pi and pi+1, using
light-cone variables, we may write
5
pi ≡
√
2ω(1, 0, 0⊥)
pi+1 ≡
√
2ω(0, 1, 0⊥). (13)
Here 0⊥ is (D − 2) dimensional null vector in Euclidean space. Now, the integral in
Eq.(11) reads
IN
D
≃
∫
dǫ+dǫ−dD−2ǫ⊥
(ǫ2 − 2√2ωǫ−)ǫ2(ǫ2 + 2√2ωǫ+) , (14)
with ǫ2 = 2ǫ+ǫ−− ǫ⊥2. Notice that we can make ǫ and therefore li, collinear to pi by setting
ǫ− and ǫ⊥ equal to zero. To do it more systematically, we choose ǫ− = λǫ⊥2 where λ 6= 0
and take ǫ⊥ → 0 limit in Eq.(14), so that the integral becomes
IN
D
∼
∫
dǫ+dλǫ⊥2dD−2ǫ⊥
ǫ⊥2ǫ⊥2ǫ+
=
∫
dλ
dǫ+
ǫ+
dD−2ǫ⊥
ǫ⊥2
(15)
Once again we obtain collinear singularity of log-type in D = 4. Further, if we take
ǫ+ → 0, we make li soft and we see the overlapping of soft and collinear singularities,
which is also logarithmic in nature. Note that this singularity structure never gets worse
for any other choice of ǫ− made above. It should be obvious that for non-exceptional
phase space points there is no overlapping of two soft regions or two distant collinear
regions in a one loop diagram. Thus a one loop IR divergent integral is written as sum
of terms, each containing two large-log factors, at most. In dimensional regularization
(D = 4 − 2ǫIR, ǫIR → 0−), IR singular terms at one loop appear as coefficients of 1ǫIR (soft
and/or collinear case) and 1
ǫ2
IR
(overlapping case).7 In Fig.2, if we allow fermion lines to be
massless, the one loop correction to QED vertex exhibits the full structure of IR divergence
at one loop.8
V. CONCLUSION
We have shown many known features of IR divergence of a one loop diagram, using naive
power counting in loop momentum. We have seen that for a one loop diagram to have
IR singularity at least one internal line must be massless. Diagrams with all external legs
massive are IR finite for all internal lines massless. Tensor integrals at most retain the IR
6
singular structure of scalar integrals. Since maximum three denominators of a general N -
point scalar integral vanish at a time, in infrared regions, one should expect the possibility
of expressing IR singular terms of any one loop diagram (N > 3), in terms of those of
appropriate three point functions. In Ref. 9, this expectation is achieved for the most
general one loop integrals. The above analysis also tells us that any one loop diagram is
IR finite in D > 4 dimensions. This is useful in calculation of certain one loop integrals in
4-dimensions in terms of those in 6-dimensions which certainly contributes to finite part of
the integral and can be evaluated numerically.10
∗ Electronic address: ambresh@iopb.res.in
1 L. D. Landau, “On Analytic Properties of Vertex Parts in Quantum Field Theory, ” Nucl. Phys.
13, 181 (1959).
2 R.J. Eden et al., “ The Analytic S-Matrix”, Paperback ed. (CUP, Cambridge, 2002), pp. 39-90.
3 C. Itzykson and J.B. Zuber “Quantum Field Theory”, Dover ed. (Dover Publications, Inc.,
N.Y., 2005), pp. 301-316.
4 T. Kinoshita, “Mass Singularities of Feynman Amplitudes,” J. Math. Phys.3, 650 (1962).
5 G. Passariono and M. Veltman, “One-loop corrections for e+e− annihilation into µ+µ− in the
Weinberg model,” Nucl. Phys. B 160, 151 (1979).
6 M. E. Peskin and D. V. Schroeder, “An Introduction to Quantum Field Theory”, 1st Indian
ed. (Levant Books, Kolkata, India, 2005), pp. 199-202.
7 R. K. Ellis, G. Zanderighi, “Scalar one-loop integrals for QCD,” JHEP 0802, 002 (2008)
[arXiv:hep-ph/0308246].
8 G. Sterman, “ Partons, Factorization and Resummation, TASI 95”, sec. 2.1,
[arXiv:hep-ph/9606312].
9 S. Dittmaier, “Separation of soft and collinear singularities from one-loop N-point integrals,”
Nucl. Phys. B 675, 447 (2003) [arXiv:hep-ph/0308246].
10 Z. Bern, L. Dixon and D. A. Kosower, “Dimensionally Regulated One-Loop Integrals, ” Phys.
Lett. B 302, 299 (1993) [arXiv:hep-ph/9212308].
11 For certain processes there does not exist any tree diagram and one loop diagrams give contri-
bution at the lowest order. This is the case with four photon interaction in QED.
7
pi+1
li−1, mi−1
li, mi
pi
li+1, mi+1
pi+2
FIG. 1: General scalar one-loop diagram with momentum assignment
FIG. 2: One loop correction to QED vertex
FIG. 3: Two point function in φ3-theory
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